Abstract-Multiple-input multiple-output (MIMO) radar has better parametric identifiability but compared to phased-array radar, it shows loss in signal-to-noise ratio due to noncoherent processing. To exploit the benefits of both MIMO radar and phased array, a waveform covariance matrix is proposed. To generate the proposed covariance matrix, the values of the cosine function between 0 and with a step size of are used to form a positive semi-definite Toeplitz matrix, where is the number of transmit antennas. The proposed covariance matrix yields gain in the signal-to-interference-plus-noise ratio (SINR) compared to MIMO radar and have lower sidelobe levels (SLLs) compared to phased-array, MIMO-radar, and the recently proposed phased-MIMO scheme. Moreover, in contrast to the phased-MIMO scheme, where each antenna transmits a different power, our proposed scheme allows same power transmission from each antenna. Simulation results validate our analytical results.
the transmitting antennas are separated so that each antenna may view a different aspect of the target. This topology can increase the spatial diversity of the system. In colocated systems the transmitting antennas are spaced so that all the transmit antennas view the same aspect of the target. The colocated antenna radar cannot provide spatial diversity but can increase the spatial resolution of the system. In contrast to phased-array, MIMO-radar allows each transmitting antenna to transmit independent waveforms, which provide extra degrees-of-freedom (DOF) that can be exploited to improve system performance [4] , [5] . Therefore, in MIMO-radar, waveform design is the focus of research over the past few years [3] , [6] [7] [8] [9] [10] .
At the receiver, to detect a target, it is crucial to have high signal-to-interference-plus-noise ratio (SINR). At the same time, when detecting a target at location , the reflections from all the other locations should be suppressed as much as possible. To increase SINR, it is easy to put nulls in the known directions using the minimum-variance distortionless response (MVDR) beamformer [11] , but it is challenging to suppress the energy received from unwanted unknown directions. Therefore, by suppressing the energy received from the unwanted directions or side-lobe levels (SLLs) at the receiver, detection performance of the system can be improved significantly.
In the phased-array radars signals are transmitted coherently, which yield gain in signal-to-noise ratio (SNR) but it has poor parametric identifiability problem. MIMO-radar has better parametric identifiability but compared to phased-array radar it shows loss in SNR due to non-coherent processing. Both of these schemes have high SLLs. To exploit the benefits of both MIMO-radar and phased-array and suppress the SLLs, in [12] and [13] the given transmit antennas are divided into uniform overlapping sub-arrays, where . The main advantage of this scheme is that it yields lower SLLs at the cost of different power transmission from different antennas. Radio-frequency amplifiers (RFA)'s have non-linear relationships between their input and output and they cannot have maximum power efficiency at all power levels. If each antenna is required to transmit at a different power level then, for maximum power efficiency, multiple different RFA's with different bias voltage levels will be required. A better solution is to have identical RFA's all working at the same maximum power level, which is not the case in the phased-MIMO scheme.
Therefore, to suppress the SLLs for better detection and transmit same power from each antenna, a waveform covariance matrix is proposed. To generate the covariance matrix, the values of a cosine function from 0 to with the step size of are used to form a positive semi-definite Toeplitz matrix.
The key benefits of transmitting the waveforms of the proposed covariance matrix are • It yields lower SLLs compared to phased-array, MIMOradar, and phased-MIMO schemes and has better spatial resolution in the SLL region of the receive beampattern.
• It allow same power transmission from each antenna, which is not possible with the phased-MIMO scheme.
• The SINR values are higher than the MIMO-radar and close to the phased-MIMO scheme.
Notation
Bold upper case letters, , and lower case letters, , respectively denote matrices and vectors. The identity matrix of dimension is denoted by . Conjugate transposition of a matrix is denoted by and statistical expectation is denoted by . The Kronecker product is denoted by and the Hadamard or element wise multiplication is denoted by .
A. Preliminaries
The following trigonometric and matrix algebra identities are essential for the derivations of proposed scheme. The results from trigonometric identities are given by [14] (1) and (2) If , using (1) and (2), the following result can be easily derived (3) If in (2) , for and , the following results can respectively be derived as (4) and (5) Similarly, the results from matrix algebra for matrices , , , and are given by [15] (6) and
The remainder of this paper is organised as follows. In the following section, the problem is formulated and some background is given. The proposed algorithm is developed in Section III.
Simulation results are given in Section IV, followed by our conclusions in Section V.
II. PROBLEM FORMULATION AND PREVIOUS WORK
Consider a uniform linear array of transmit and receive antennas, the inter-element-spacing between any two adjacent antennas is half of the transmitted signal wavelength. In the given scenario, there is a target of interest located at an angle , and interferers located at angles to . The reflection coefficient of the target is and interferer is . If is the baseband signal transmitted from antenna , the received signals at antennas can be written in vector form as [16] (8) where and (9) are respectively the transmit and receive steering vectors corresponding to the target at location , vector of transmitted symbols at time index , and the vector of circularly symmetric white Gaussian noise samples each of zero mean and variance. Generally, in MIMO-radar, the transmitted waveforms from all antennas are fully uncorrelated i.e., , for . At each receive antenna the received signal is passed through a matched-filter and the output samples are correlated with transmitted waveforms. Therefore, outputs after correlation are collected from each of receive antenna and cascaded into a vector after which the 1 received signal vector can be written as (10) where is the vector of circularly symmetric white Gaussian noise samples each of zero mean and variance. In (10), the first term corresponds to the signal part while the second and third terms respectively correspond to the interference and noise parts of the received signal. To maximize the SINR a beamformer weight vector, , is designed at the receiver. To design , define a virtual steering vector. By multiplying the received signal vector in (10) with the beamformer weight vector, , we can write (11) Using (11), the SINR can be defined as (12) where is the covariance matrix of interference-plus-noise samples and it can be found as To maximize the SINR with respect to , using Schwartz's inequality [17] , [18] , the maximum or optimal value of SINR can be derived as It can be easily proved that the beamformer weight vector that brings the optimal value of SINR is given by [16] ( 13) and is called a MVDR beamformer. In the presence of only noise the interference-plus-noise covariance matrix, , can be replaced by an identity matrix scaled by , after that the optimum value of SINR for can be written as (14) A low complexity conventional beamformer, , to detect a target at location can be designed as [19] (15) this beamformer does not intentionally suppress the interferers. The received power from the direction of using the conventional beamformer can be easily derived as (16) In the following, different configuration of MIMO-radar are discussed to see the benefits in improving SINR and suppressing the SLLs at the receiver.
A. Phased-Array Radar
In MIMO-radar, if the transmitted waveform then all the transmitted waveforms will be fully correlated. Such configuration of MIMO-radar is called a phased-array. Since, in phased-array only one waveform, , is transmitted, the samples collected after matched-filtering at receive antennas can be correlated with transmitted symbols only. Thus, samples collected after correlation can be written in vector form as (17) Here, for the noise only case, the optimal value of SINR can be derived as [12] (18)
For phased-array a low complexity conventional beamformer, , to detect a target at location can be designed as Similar to MIMO-radar, this beamformer does not intentionally suppress the interferers too. The received power from the direction of using can be derived as (19) By comparing (16) and (19), it can be seen that the beampattern of MIMO-radar and phased-array is same.
B. Phased-MIMO Radar
To exploit the benefits of both phased-array and MIMO-radar, the concept of phased-MIMO is introduced in [13] , [20] . Phased-MIMO scheme has better SINR compared to MIMO-radar and lower SLLs compared to phased-array and MIMO-radar. In this scheme, transmit antennas are divided into uniform sub-arrays such that all the antennas in the sub-array transmit waveforms coherently. For noise only case, the maximum SINR of phased-MIMO scheme is given by [12] , [13] (20)
By comparing (14) and (18) with (20), it can be noted that in the absence of interferers the SINR of phased-MIMO is times higher than the MIMO-radar but lower than the phased-array. Although, phased-MIMO scheme performs better than the MIMO-radar, it has few drawbacks;
• Each antenna transmits different power, which requires different power amplifiers for different antennas.
• The value of is not optimally found. In the following section, correlated MIMO-radar scheme is described, which has a lot of potential to improve the SINR and suppress the SLLs.
III. PROPOSED CORRELATED MIMO-RADAR FORMULATION
In MIMO-radar, if the transmitted waveforms are correlated, the transmitted power in the direction of or transmit beampattern depends on the covariance matrix, , of the waveforms and is given by [3] , [7] (21) For correlated waveforms, by correlating in (8) with the transmitted waveforms and cascading the outputs into a vector, one can write 1 receive sample vector as (22) For this model, similar to the previous cases, the maximum SINR can be derived as (23) where and is the covariance matrix of the interference-plus-noise samples. From (22) , can be found as
It can be noted here that the optimum value of SINR depends on and the noise is not white rather it is colored. In the following subsection, as an example, first a well known waveform covariance matrix, introduced in [3] , [21] to design a transmit beampattern, is used for correlated MIMO-radar. For this covariance matrix, the optimal SINR and the received power using the conventional beamformer are derived. Some very important properties of this covariance matrix are also pointed out that are not discussed in [3] , [21] . Then, in the next subsection, we propose a waveform covariance matrix that yields lower SLLs compared to phased-array, MIMO-radar, and phased-MIMO schemes, have better SINR values compared to MIMO-radar, and allow same power transmission from each antenna.
A. Covariance Matrix Using Auto-Regressive Process
The example covariance matrix is generated using the autoregressive process and is given by [3] , [21] . . . . . .
Here, for , the covariance matrix, becomes diagonal and the correlated MIMO-radar becomes conventional MIMOradar. On the other hand, for , correlated MIMO-radar becomes a phased-array. In [3] , covariance matrix is used to describe the dependence of transmit beampattern on the waveform covariance matrix. In our proposed work, it is shown that this covariance matrix can also be used to achieve lower SLLs compared to phased-array and MIMO-radar, and better optimal SINR compared to MIMO-radar.
It is shown in [10] that for a given covariance matrix, , if is positive semidefinite, binary-phase-shift-keying (BPSK) waveforms to realize can be generated in closed form. Interestingly, is positive semidefinite for any value of , therefore, BPSK waveforms to realize it can be easily generated.
1) Optimal SINR:
Using , the optimal SINR for the noise only case, by utilizing (23), can be derived as (25) Exploiting (6) and (7), the optimal SINR can be written as (26) To express the optimal SINR in terms of , the transmit steering vector for a target at can be written as (27) and the product term using (5) can be written as
Therefore, using (27) and (28) the optimal SINR in (26) can be derived as
Here, it can be noted that for , therefore the optimum SINR using is greater than or equal to MIMO-radar for any value of and as approaches 1, the optimum SINR using approaches the optimum SINR of phased-array.
2) Conventional Beamformer: For the covariance matrix, , to detect a target at , the conventional beamformer can be found as (30) The received power from the direction of using the conventional beamformer can be derived as (31)
It can be noted here that in contrast to transmit beampattern the receive beampattern depend differently when changing .
B. Covariance Matrix Using Cosine Function
To generate the proposed covariance matrix, the values of cosine function from 0 to with a step of are used to form a positive semi-definite Toeplitz matrix as given below
(32) As shown in the Appendix A, this is a covariance matrix that has only two non-zero eigenvalues and . Actually, is the sum of auto-correlation matrices of two orthogonal steering vectors and . Therefore, it can also be written as For and to be orthogonal and . The difference between the angles is , which is the minimum difference for steering vectors to be orthogonal. Since , when the transmit beampattern due to the second term will be equal to zero and when the transmit beampattern due to the first term will be equal to zero. In the sequel, it is shown that this property of the orthogonal steering vectors yields much lower SLLs.
Since the matrix is real and symmetric the main lobe of the transmit beampattern will be symmetric about
. Fig. 1 , shows the transmit beampattern using the covariance matrix for different values of , but the total transmitted power is equal to 1.
In contrast to , the is not guaranteed to be positive semi-definite. Therefore, BPSK waveforms to realize cannot be found in closed form. However, the best possible BPSK waveforms can be generated using the iterative algorithm in [10] and constant envelope infinite alphabet waveforms can be generated using the iterative algorithm in [8] . Finite alphabet constant envelope waveform generation for the given covariance matrix is an open research problem, more literature about it can be found in our previous work in [10] , [22] , [23] . 
1) Optimal SINR:
Using the proposed covariance matrix, the optimal SINR for the noise only case, by utilizing (23), can be written as Using the matrix algebra results given in (6) and (7), the optimal SINR can be written as (33)
The covariance matrix depends only on the value of . Therefore, to see the dependence of optimal SINR on the value of , the transmit steering vector for a target at can be written as (34) and the term can be written as
By multiplying (34) with (35), the optimal SINR using (33) can be derived as
Using (3) in (36), we can write Using (3) again, we can write
Interestingly, in (37), it can be noted that as increases, the denominator decreases. As a result higher values of the optimal SINR are expected. At , the proposed covariance matrix becomes an identity matrix, therefore, for the optimal SINR is equal to the optimal SINR of MIMO-radar.
2) Conventional Beamformer: To detect a target at location using the proposed covariance matrix, , the conventional beamformer can be found as (38) The received power from the direction using a conventional beamformer, , can be obtained as
By applying matrix algebra result in (7), (39) can be written as (40) Since depends only on , the received power from the direction of can be expressed in terms of number of transmit antenna. To do so, the first term in (40), using (4) can be written as
Similarly, the second term of (40) can be written as
Using (1) and (2), the th element of vector can be written as (43) The results in (3) and (43) can be exploited to simplify (42) as
Using (1), it can be easily prove that for any value of . Therefore, we can write (44) Finally, using (41) and (44), the received power in (40) can be written as (45) In (45), following interesting results can be observed • It can be easily derived from (45) that the received power, , has null points at and
In the case of phased-array and MIMO-radar for , the null points are at and It should be noted here that if the number of transmit and receive antennas is same then the null points in the case of phased-array and MIMO-radar will be at the same points. In this case the proposed covariance matrix will be having more nulls that yield better resolution in the SLLs.
• An other interesting result, which can be observed in the second term of (45) is that as the value of increases the amplitude of the numerator term decreases and the amplitude of denominator term increases, after each null point. As a consequence the value of can decrease rapidly with the increase in the value of in the SLL region.
• By comparing (45), with (16) and (19) for , it can be easily proved that the normalized receive beampattern of the proposed scheme due to the second term of (45) (other than close to the null points) can be much lower than the phased-array and MIMO-radar schemes for any value of . For the correlated MIMO-radar formulation following two points should also be noted 1) In both of the above covariance matrices, for simple derivations and easy understanding, real covariance matrices are considered to detect a target at location . However, the covariance matrices can be easily modified to detect a target at location as given by [9] (46) where is the real covariance matrix that detect a target at location and is the complex covariance matrix that detects a target at location . 2) In correlated MIMO-radar formulation the noise becomes colored. Since the covariance matrix of the noise is known, it can be converted into white by a pre-whitening step. The pre-whitening matrix, , can be found as where is the diagonal matrix of the eigenvalues and is the matrix of eigenvectors of the matrix . The received signal vector in (22) after pre-whitening can be written as where is white Gaussian noise of the covariance matrix . After pre-whitening, detecting a target at requires the conventional beamformer be modified to . For our proposed covariance matrix, it is proved in the Appendix B that using conventional beamformer, the normalized received power after pre-whitening is equal to the normalized received power without pre-whitening.
IV. SIMULATION RESULTS
In this section, to validate the performance of the proposed covariance matrix, some numerical examples are presented. In all of the following simulations half-wavelength inter-element spacing is used. For the auto-regressive covariance matrix for all of the simulations the value of . To detect a target in the presence of interferers, the phased-array, MIMO-radar, phased-MIMO, and proposed correlated MIMO-radar systems are designed for different number of transmit and receive antennas. And the following simulations are performed.
In the first simulation, to detect a target at , the normalized transmit beampatterns of phased-array, MIMO-radar, phased-MIMO, and the correlated-MIMO with and are shown in Fig. 2 . Here, the number of transmit and receive antennas for all schemes is 12. It can be seen in the figure that due to the coherent processing the transmitted power is focused best in the direction of target by phased-array. The phased-MIMO scheme also focus the transmitted power in the direction of target but compared to phased-array it has wider main-lobe beam width and poor resolution in the SLLs. Since MIMOradar transmits power equally in all directions, it can not focus the transmitted power in the target direction as a consequence less power is reflected back from the target if present. On the other side, correlated MIMO-radar formulation with can focus the transmitted power more in the target direction compared to MIMO-radar and as a result can have better SINR. The proposed correlated MIMO-radar with has slightly wider transmit beampattern and higher SLLs at the transmitter, but it has better resolution in the transmitter beampattern compared to the phased-MIMO scheme. Our main goal is to increase the SINR and reduce the amplitudes of SLLs in the receive beampattern, it will be shown in the following simulations that wider transmit beampattern and high amplitude SLLs in the transmit beampattern does not mean high SLLs in the receive beampattern.
In the second simulation, the SINR of the proposed covariance matrix is compared with the phased-array, MIMO-radar, phased-MIMO, and correlated MIMO-radar with . Here, again the number of transmit and receive antennas for all schemes is 12. In the given scenario there are two interferers, which are located at and 30 degrees and the interference-to-noise ratio (INR) is 30 dB. Fig. 3 shows the corresponding simulation results. It can be seen in the figure that the SINR with the proposed covariance matrix is much higher than the MIMO-radar and correlated MIMO-radar with , as it was expected from the analytical results. The SINR of the proposed covariance matrix is close to the phased-MIMO scheme. Similarly, for the same scenario for 20 transmit and 10 receive antennas, Fig. 4 compares the SINR of the proposed covariance matrix with the phased-array, MIMO-radar, phased-MIMO, and the correlated MIMO-radar with
. By comparing Figs. 3 and 4 , it can be noted that as the number of transmit antennas is increasing, the difference between the SINR of proposed scheme and phased-MIMO is decreasing. On the other hand, as the number of transmit antennas is increasing, the gain in SINR using proposed scheme compared to MIMO-radar is increasing. For , the difference between the performance of phased-array and using is 4.10 dB and for , it is only 3.17 dB. In the third simulation, the receive beampatterns obtained using the conventional and MVDR beamformers for all schemes are compared. For this simulation, the number of transmit and receive antennas is 12, it is assumed that the target is located at , and there are two strong interferers, which are located at and . The proposed covariance matrix and the covariance matrix, are modified to detect a target at location using (46). For the correlated MIMO-radar, to convert the colored noise into white the received signal vector is multiplied by the pre-whitening matrix and the conventional and MVDR beamformers are modified accordingly. Fig. 5 shows the normalized receive beampatterns for all schemes using the corresponding conventional beamformer. It can be seen in the figure, the proposed covariance matrix yields much lower SLLs compared to the phased-array, MIMO-radar, phased-MIMO, and correlated MIMO-radar with covariance matrix
. The other thing that can be noted using the proposed covariance matrix is the better resolution in the SLLs compared to all the other shown schemes. Similarly, for the same scenario, Fig. 6 shows the normalized receive beampatterns using the MVDR beamformer. It can be seen in this figure that the proposed covariance matrix have similar interferer suppression capabilities to that of other schemes and the SLLs are the lowest. In the final simulation, the number of transmit and receive antennas is increased to 20. Here, we only compare the normalized receive beampattern obtained using the conventional beamformer for all the schemes. All of the other parameters are same as in the last simulation. It can be seen in the Fig. 7 that increasing the number of antennas significantly reduce the amplitudes of SLLs using the proposed covariance matrix compared to all other schemes as it was expected from our analytical results. Moreover, proposed covariance matrix has better resolution in the SLLs. Similar results can be obtained using the MVDR beamformer. 
V. CONCLUSION
In this work, to exploit the benefits of both MIMO-radar and phased-array a waveform covariance matrix is proposed. Our analytical results show that the proposed covariance matrix yields gain in SINR compared to MIMO-radar, while the gain in SINR is close to phased-array and recently proposed phased-MIMO scheme. Transmitted waveforms with the proposed covariance matrix at the receiver significantly suppress the side-lobe levels compared to the phased-array, MIMO-radar, and phased-MIMO schemes. Moreover, in contrast to phased-MIMO our proposed scheme allows same power transmission from each antenna. Simulation results are inline with our analytical results. By examining (47) and (48), it can be said that all the eigenvalues of are greater than or equal to zero. Therefore, it is a positive semi-definite matrix and hence can be a covariance matrix of the waveforms.
APPENDIX

A. Eigenvalues of Cosine Covariance Matrix
B. Normalized Received Power After Pre-Whitening
The normalized power using the conventional beamformer for the proposed covariance matrix after pre-whitening step can be written as (49) where , while is the diagonal matrix of eigenvalues and is the matrix of eigenvectors of the matrix . Using (6) and (7), the normalized received power in (49) can be written as (50)
For a target at , using (43), the term in (50) can be written as (51)
The normalizing factor in (50), using (51), can be written as (52) Using (41), (51), and (52) the normalized power after pre-whitening can be easily derived as (53) Similarly, the normalized power without pre-whitening using (45) can be written as (54) By comparing (53) and (54), it can be noted that both of normalized powers are equal.
